A branch-and-bound algorithm for finding an optimal colouring of the blocks of a Steiner triple system is developed. Two simple but powerful heuristics are devised which improve the method. Applications to scheduling and the design of experiments are outlined.
INTRODUCTION
A Steiner triple system of order v, denoted STS (v), is a pair (V, B); V is a u-set of elements and B is a collection of 3-subsets of V called blocks. Each unordered pair of elements is contained in precisely one block. There is a substantial body of research on STS, partially because of their wide applicability in the design of experiments, 1 and in the theory of error-correcting codes. 2 In the design of statistical experiments, each block corresponds to a 'test' of the three elements in the block. In this context, we can view disjoint blocks as tests which can be carried out simultaneously. In terms of STS, we define a colour class to be a set of pairwise disjoint blocks. A k-block colouring is a partition of the block set into k colour classes; the chromatic index is the least k for which such a colouring exists. In our example, the chromatic index is precisely the time required for the entire experiment. In other applications of STS, similar reasons exist for studying the chromatic index.
The chromatic index of STS is also a problem of some interest in combinatorics as a restriction of certain investigations of set systems. 3 In computer science, further motivation arises from the substantial interest in the chromatic index of graphs, 4 and applications in scheduling (see Ref. 5 
and references therein).
The purpose of this note is to describe a method for computing the chromatic index of STS, and to describe results obtained in testing this method on small STS.
THE BRANCH-AND-BOUND METHOD
A simple approach to computing the chromatic index is to backtrack using depth-first search. A severe difficulty with this method is that once a partial colouring with too many colours is encountered, every completion of this colouring will also use too many colours. Simple backtracking will investigate all of these colourings, however, before proceeding to greener pastures.
Branch-and-bound is designed to avoid this pitfall. 6 Instead of extending the most recent partial colouring obtained, one extends the most 'promising' partial colouring obtained so far. The intuitive sense of 'promising' is clear, but we must also give a precise definition.
To develop one, we first note that a partial colouring leading to an optimal colouring might be expected to have few colours and many blocks; at the very least, it should not have many colours and few blocks. With this in mind, we define the priority of a partial colouring to be p -vc, where p is the number of blocks in the partial colouring, c is the number of colours and v is the number of elements in the design.
The branch-and-bound algorithm starts with all blocks uncoloured; at any stage, it maintains a priority queue of partial colourings which are candidates for extension. A partial colouring of highest priority is removed from the queue. Each of the partial colourings resulting from extending this partial colouring is added to the priority queue.
Two simple heuristics prove quite useful in improving this basic method. The first involves the elimination of solutions using too many colours, as follows. The priority of a colouring is largely determined by the number of blocks in it; this gives the algorithm a tendency to complete colouring early. Once we have completed a colouring, we can ignore all partial colourings using as many or more colours. This preserves the major advantage of a depth-first approach.
Once we have selected a partial colouring to be extended, we employ a second heuristic to further limit the computational effort. To extend a partial colouring, we select an uncoloured block, and try colouring it with each available colour in turn, including assigning it a new colour. For a given block, there will be certain colours which it cannot be assigned. Having selected a partial colouring, we are still free to select any uncoloured block to perform the extension. Our second heuristic is to select a block which can be assigned the fewest number of colours. The goal here is to limit the number of partial colourings considered.
COMPUTATIONAL RESULTS
This heuristic branch-and-bound algorithm has been programmed in C on a PDP 11/40. Although we suspect that it is quite efficient, it is difficult to assess this since there is no existing algorithm to use as a standard. It is nonetheless a substantial improvement on simple backtracking.
The algorithm has proved quite useful in actual computations of chromatic indices of STS. There are eighty STS of order fifteen. 7 Cole found that four of these have chromatic index seven,COMPUTING THE CHROMATIC INDEX OF STEINER TRIPLE SYSTEMS here. With our method, we were able to complete the determination of chromatic indices for the STS (15). Thirteen have chromatic index eight, and the remaining sixty-three have chromatic index nine. The important note here is that the algorithm demonstrated the nonexistence of better colourings; this is easy for chromatic index seven, since every element belongs to seven blocks. For chromatic index eight, however, this is quite difficult using backtracking; our algorithm made it fairly straightforward. In scheduling experiments, and in theoretical studies of STS, the algorithm developed in this paper has proved a valuable tool.
